Introduction
Ideas about color superconductivity go back to almost 25 years ago [1] , but only recently this phenomenon has received a lot of attention (for recent reviews see refs. [2, 3] ). The naive expectation is that at very high density, due to the asymptotic freedom, quarks would form a Fermi sphere of almost free fermions. However, Bardeen, Cooper and Schrieffer proved that the Fermi surface of free fermions is unstable in presence of an attractive, arbitrary small, interaction. Since in QCD the gluon exchange in the 3 channel is attractive one expects the formation of a coherent state of particle/hole pairs (Cooper pairs). An easy way to understand the origin of this instability is to remember that the Fermi energy distribution for free fermions at zero temperature is given by f (E) = θ(µ − E) and therefore, the maximum value of the energy (Fermi energy) is E F = µ. Then consider the grand-potential F = E − µN. Adding or subtracting a particle (or adding a hole) to the Fermi surface does not change F , since F → (E ± E F ) − µ(N ± 1) = F . We see that the Fermi sphere of free fermions is higly degenerate. This is the origin of the instability, because if we add to the Fermi sphere two particles bounded with a binding energy E B , the grand potential decreases, since F − F B = −E B < 0. Therefore in presence of an arbitrarily small attractive interaction, it is energetically more favorable for fermions to pair and form condensates.
We will discuss the methods for the quantitative evaluation of the condensates via a toy model. We will present also the results for the 2SC and CFL phases. Then we will introduce the effective lagrangian describing the low energy degrees of freedom of the CFL phase, that is the Goldstone bosons associated to the global symmetry breaking. We will then show how to formulate in a convenient way the idea of quasi-particles near the Fermi surface, introducing a formalism similar to the one used in heavy quark effective theory [4] . Next we will couple the quasi-particles to the Goldstone bosons in such a way to obtain the right gap term in the fermionic lagrangian. Using a weak coupling expansion, justified by asymptotic freedom, we will be able to evaluate the self-energy of the Goldstone bosons. The expansion at low momenta will allow us to get some of the couplings appearing in the low-energy effective lagrangian. The remaining couplings are then obtained through an analogous evaluation of the gluon self-energy.
Color condensation
Thee physics of fermions at finite density and zero temperature can be treated in a systematic way by using Landau's idea of quasi-particles. An example is the Landau theory of Fermi liquids. A conductor is treated as a gas of almost free electrons. However these electrons are dressed ones, where the dressing takes into account the interactions which are neglected in this description. According to Polchinski [5] this procedure just works because the interactions can be integrated away in the usual sense of the effective theories. Of course, this is a consequence of the special nature of the Fermi surface, which is such that there are practically no relevant or marginal interactions. In fact, all the interactions are irrelevant except for the fourfermi couplings between pairs of opposite momentum. Quantum corrections make the attractive ones relevant, and the repulsive ones irrelevant. This explains the instability of the Fermi surface of free fermions against attractive four-fermi interactions, but we would like to understand better the physics underlying the formation of the condensates and how the idea of quasi-particles comes about. To this purpose we will make use of a toy model involving two Fermi oscillators describing, for instance, spin up and spin down. Of course, in a finite-dimensional system there is no spontaneous symmetry breaking, but this model is useful just to illustrate the main points. We assume our dynamical system to be described by the following Hamiltonian containing a quartic coupling between the oscillators it has been absorbed in the dressing process, and the hope is that in such a way one is able to get a better starting point for a perturbative expansion. As we have said this point of view has been very fruitful in the Landau theory of conductors.
Let us now discuss what have been done in order to determine the gap in QCD at high density (see [2] ). At asymptotically high-density one can, in principle, perform the calculation starting from first principles, since QCD is weakly coupled [6] (for a more complete list of references see [2] ). However the actual calculations are unlikely to be extrapolated below a chemical potential of order 10 8 GeV [7] . Since the interesting density regime for neutron stars and heavy ions is for µ 500 MeV , one has to use phenomenological interactions known to capture the essential features of QCD. In the case of two massless flavors one can use the instanton vertex producing a four-fermi interaction. For more flavors use has been made of the one-gluon exchange approximation or, again, of a four-fermi interaction with color, flavor, and spin structure identical to the one gluon exchange case. A practical way to arrive at the gap equation is to write down the Schwinger-Dyson equation for the case at hand, ignoring vertex corrections. One gets an equation of the type
where G −1 (q) is the full propagator and V (p) is the vertex function, momentum independent for a point-like interactions. This is an integral equation for the selfenergy which appears on the right-hand side in G −1 (q). Since one expects a diquark condensate it is convenient to introduce the Nambu-Gorkov fields
The wave operator is then postulated of the form
equivalent to introduce in the lagrangian a mass gap term of the type ψ T C∆ψ. For a four-fermi interaction ∆ is a matrix in color-flavor-spin space. In the gluon-exchange case there is also a momentum dependence. The typical gap equation for a four-fermi interaction (neglecting antiparticle contribution) is
When the interaction strength, G → 0, and ∆ ≪ µ, Λ, one finds
Replacing the effective four-fermi interaction with one-gluon exchange one expects
But taking into account the gluon propagator one gets a double-log contribution due to a collinear infrared divergence arising from the gluon propagator. This divergence is regulated, for q → 0, by the inverse of the penetration length, which turns out to be of order ∆ [8] . In the weak coupling limit one gets [6] ∆ ∝ ∆g
The gap at large µ is much larger in QCD than in the case of a point-like interaction.
If the coupling g is evaluated at µ and we assume 1/g 2 ≈ log µ the exponential gives a very weak suppression and for µ → ∞ we have ∆ → ∞ and ∆/µ → 0. Color superconductivity is bounded to dominate physics at high density.
The phase structure of QCD at high density depends on the number of flavors and there are two very interesting cases, corresponding to two massless flavors (2SC) [1, 9] and to three massless flavors (CFL) [10, 11] respectively. In this talk we will be mainly concerned with the latter case. The two cases correspond to very different patterns of symmetry breaking. If we denote left-and right-handed quark fields by q α iL(R) with α = 1, 2, 3, the SU(3) c color index, and i = 1, · · · , N f the flavor index (N f is the number of massless flavors), in the 2SC phase the previous calculations give the following color-flavor-spin structure for the condensate
Here C = iγ 2 γ 0 is the charge-conjugation matrix. The resulting symmetry breaking pattern (barring U(1) factors) is [1, 9] 
The color group SU(3) c breaks down to the subgroup SU(2) c but no global symmetry is broken. Although the baryon number, B, is broken, there is a combination of B and of the broken color generator, T 8 , which is unbroken in the 2SC phase. Therefore no massless Goldstone bosons are present in this phase. On the other hand, five gluon fields acquire mass whereas three are left massless. It is worth to notice that for the electric charge the situation is very similar to the one for the baryon number. Again a linear combination of the broken electric charge and of the broken generator T 8 is unbroken in the 2SC phase. The condensate (22) gives rise to a gap, ∆, for quarks of color 1 and 2, whereas the two quarks of color 3 remain un-gapped (massless). The resulting effective low-energy theory has been described in [12] . Numerically, by choosing a cutoff Λ = 800 MeV (see eq. (18)), and fixing the coupling G in such a way to reproduce correctly the physics at zero density and temperature, one finds [2] µ = 400 MeV ⇒ ∆ = 106 MeV, µ = 500 MeV ⇒ ∆ = 145 MeV.
In this contribution we will be mainly interested in the formulation of the effective theory for three massless quarks. An analysis similar to the previous one for this case leads to the condensate [10, 11] 
with
This originates the breaking
The U(1) A symmetry is broken at the quantum level by the anomaly, but it gets restored at very high density since the instanton contribution is suppressed [13, 14, 15] . Again, for Λ = 800 MeV , a convenient choice for G and µ = 400 MeV , one gets [2]
The condensate can also be written in the form
Notice that κ = 0 corresponds to ∆ 1 = −2∆ 8 . Due to the Fermi statistics, the condensate must be symmetric in color and flavor. As a consequence the two terms appearing in eq. (30) correspond to the (3, 3) and (6, 6) channels of SU(3) c ⊗ SU(3) L(R) . It turns out that κ is small [10, 14, 16] and therefore the condensation occurs mainly in the (3, 3) channel (see also eq. (29)). The expression (30) shows that the ground state is left invariant by a simultaneous transformation of SU(3) c and SU(3) L(R) . This is called Color Flavor Locking (CFL). The Z 2 symmetries arise since the condensate is left invariant by a change of sign of the left-and/or right-handed fields. As for the 2SC case the electric charge is broken but a linear combination with the broken color generator T 8 annihilates the ground state. On the contrary the baryon number is broken. Therefore there are 8 + 2 broken global symmetries giving rise to 10 Goldstone bosons. The one associated to U(1) A gets massless only at very high density. The color group is completely broken and all the gauge particles acquire mass. Also all the fermions are gapped.
Effective theory for the CFL phase
We start introducing the Goldstone fields as the phases of the condensates in the (3, 3) channel [17, 18] 
Since quarks belong to the representation (3,
the transformation properties of the fields X and Y under the total symmetry group
The fields X and Y are U(3) matrices and as such they describe 9 + 9 = 18 fields. Eight of these fields are eaten up by the gauge bosons, producing eight massive gauge particles. Therefore we get the right number of Goldstone bosons, 10 = 18 − 8. These fields correspond to the breaking of the global symmetries in G (18 generators) to the symmetry group of the ground state H = SU(3) c+L+R ⊗ Z 2 ⊗ Z 2 (8 generators). For the following it is convenient to separate the U(1) factors in X and Y in order to get new fields belonging to SU(3)
The fields φ and θ can be also described in an a more invariant way through the determinants of X and Y
with transformation properties under Ĝ
The breaking of the global symmetry can be discussed in terms of gauge invariant
The Σ field describes the 8 Goldstone bosons corresponding to the breaking of the chiral symmetry SU(3) L ⊗SU(3) R , as it is made clear by the transformation properties of
That is Σ T transforms exactly as the usual chiral field. The other two fields d X and d Y provide the remaining two Goldstone bosons corresponding to the breaking of the U(1) factors.
In order to build up an invariant lagrangian it is convenient to define the following currents
with g µ = ig s g a µ T a /2 the gluon field and T a = λ a /2 the SU(3) c generators. These currents have simple transformation properties under the full symmetry group G,
The most general lagrangian, up to two derivative terms, invariant under G, the rotation group O(3) (Lorentz invariance is broken by the chemical potential term) and the parity transformation defined aŝ
is [17] 
Using SU(3) c color gauge invariance we can chooseX =Ŷ † , making 8 of the Goldstone bosons disappear and giving mass to the gluons. The properly normalized Goldstone bosons, Π a , are given in this gauge bŷ
Expanding eq. (42) at the lowest order in the fields we get 
It should be stressed that these are not the true rest masses of the gluons, since there is a large wave function renormalization effect making the gluon masses of the order of the gap ∆ (see later) [8] . Since this description is supposed to be valid at low energies (we expect much below the gap ∆), we could also decouple the gluons solving their classical equations of motion neglecting the kinetic term. The result from eq. (42) is
It is easy to show that substituting this expression in eq. (42) one gets [8]
The first term is nothing but the chiral lagrangian except for the breaking of the Lorentz invariance. This is a way of seeing the quark-hadron continuity, that is the continuity between the CFL and the nuclear matter in three flavor QCD. The identification is perfect if one realizes that in nuclear matter the pairing may occur in such a way to give rise to a superfluid due to the breaking of the baryon number as it happens in CFL [19] .
Fermions near the Fermi surface
We will introduce now the formalism described in ref. [20] in order to evaluate several quantities of interest appearing in the effective lagrangian. This formulation is based on the observation that, at very high-density, the energy spectrum of a massless fermion is described by states |± with energies E ± = −µ ± | p| where µ is the quark number chemical potential. For energies much lower than the Fermi energy µ, only the states |+ close to the Fermi surface. i.e. with | p | ≈ µ, can be excited. On the contrary, the states |− have E − ≈ −2µ and therefore they decouple. This can be seen more formally by writing the four-momentum of the fermion as
where v µ = (0, v F ), and v F is the Fermi velocity defined as v F = ∂E/∂ p| p= p F . For massless fermions | v F | = 1. Since the hamiltonian for a massless Dirac fermion in a chemical potential µ is
one has
Then, it is convenient to introduce the projection operators
such that
We can define fields corresponding to the states |± through the decomposition
where an average over the Fermi velocity v F is performed. The velocity-dependent fields ψ ± (x) are given by (v
Since we are interested at physics near the Fermi surface we integrate out all the modes with |ℓ| > δ, where δ is a cut-off such that δ ≪ µ. At the same time we will choose δ greater than the energy gap, ∆. Since, as we shall see, physics around the Fermi surface is effectively two-dimensional, the results do not depend on the value of δ. Substituting inside the Dirac part of the QCD lagrangian density one obtains
where
We notice that the fields appearing in this expression are evaluated at the same Fermi velocity because off-diagonal terms are cancelled by the rapid oscillations of the exponential factor in the µ → ∞ limit. This behaviour can be referred to as the Fermi velocity superselection rule.
At the leading order in 1/µ one has
showing the decoupling of ψ − for µ → ∞. The equation for ψ + shows also that only the energy and the momentum parallel to the Fermi velocity are relevant variables in the problem. We have an effective two-dimensional theory.
Eliminating the field ψ − we get
The previous remarks apply to any theory describing massless fermions at high density. The next step will be to couple this theory in a SU(3) L ⊗ SU(3) R ⊗ SU(3) c invariant way to Nambu-Goldstone bosons (NGB) describing the appropriate breaking for the CFL phase. Using a gradient expansion we get an explicit expression for the decay coupling constant of the Nambu-Goldstone bosons as well for their velocity.
Goldstone bosons self-energy
The invariant coupling between fermions and Goldstone fields reproducing the symmetry breaking pattern of eq. (30) is proportional to
and analogous relations for the right-handed fields. Here the spinors are meant to be Dirac spinors. The trace is operating over the group indices of the spinors and of the Goldstone fields. Since the vacuum expectation value of the Goldstone fields is X = Ŷ = 1, we see that this coupling induces the right breaking of the symmetry. In the following we will consider only the case γ 2 = −γ 1 ∝ ∆/2, where ∆ is the gap parameter.
Since the transformation properties under the symmetry group of the fields at fixed Fermi velocity do not differ from those of the quark fields, for both left-handed and right-handed fields we get the effective lagrangian density [8] 
where we have introduced the fields ψ A ± :
Here λ a (a = 1, ..., 8) are the Gell-Mann matrices normalized as follows: T r(λ a λ b ) = 2δ ab and λ 9 = 2/3 1. Furthermore ∆ 1 = · · · = ∆ 8 = ∆, ∆ 9 = −2∆, and X 1 = X − 1. Notice that the NGB fields couple to fermionic fields with opposite Fermi velocities. In this expression, as in the following ones, the field ψ − is defined as ψ + with v F → − v F , and therefore it is not the same as the one defined in (54).
The formalism becomes more compact by introducing the Nambu-Gorkov fields
It is important to realize that the fields χ and χ † are not independent variables. In fact, since we integrate over all the Fermi surface, the fields ψ * − and ψ + , appearing in χ, appear also in χ † when v F → − v F . In order to avoid this problem we can integrate over half of the Fermi surface, or, taking into account the invariance under v F → − v F , we can simply integrate over all the sphere with a weight 1/8π instead of 1/4π:
Then the first three terms in the lagrangian density (60) become
so that, in momentum space the free fermion propagator is
We are now in position to evaluate the self-energy of the Goldstone bosons through their couplings to the fermions at the Fermi surface. There are two one-loop contributions [8] , one from the coupling Πχχ and a tadpole from the coupling ΠΠχχ arising from eq. (60). The tadpole diagram contributes only to the mass term and it is essential to cancel the external momentum independent term arising from the other diagram. Therefore, as expected, the mass of the NGB's is zero. The contribution at the second order in the momentum expansion is given by
Integrating over the velocities and going back to the coordinate space we get
We can now determine the decay coupling constant F T through the requirement of getting the canonical normalization for the kinetic term; this implies
a result obtained by many authors using different methods (for a complete list of the relevant papers see the first reference of [2] ). We see also that v 2 = 1/3. The origin of the pion velocity 1/ √ 3 is a direct consequence of the integration over the Fermi velocity. Therefore it is completely general and applies to all the NGB's in the theory, including the ones associated to the breaking of U(1) V and U(1) A (v 
The current is conserved, as a consequence of the dispersion relation satisfied by the NGB's.
Gluons self-energy
The other couplings appearing in our effective lagrangian can be obtained via a direct calculation of m D and m M [8] . This is done evaluating the one-loop contribution to the gluon self-energy. Also in this case there are two contributions, one coming from the gauge coupling to the fermions, whereas the other arises from the second term (sea-gull like) appearing in the fermion effective lagrangian of eq. (58). The results we find are [8] 
Comparison with equation (45) shows that
Performing a gradient expansion of the gluon self-energy one finds that there is a wave function renormalization of order g s µ/∆ ≫ 1 [8] . In fact, considering the different components of the gluon field, the temporal, g 
the following dispersion relations are obtained
Similar results hold for the massive gluons of type 4, 5, 6 and 7 which acquire a mass of order ∆. Exceptions are the spatial components (but not the time one) of the gluon 8. In this case there is no wave function renormalization of the time derivative and the mass is of order g s µ [23] . Also the em dielectric constant gets modified by the in-medium effects both in the CFL and in the 2SC phases [24] 
whereẽ is the in-medium rotated electric charge, and r = 4 in CFL, r = 1 in 2SC.
